Infinitesimal change is a Non-local Operation: Hidden power of Quantum Entanglement 
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We show that the global infinitesimal change in the multi-particle pure product state gives rise to an entangled 
state. This suggests that even if there is no interaction present between the subsystems, i.e., at each time instant 
the state is non-entangled, the tangent vector is typically entangled. Since the tangent space vectors tell the 
state-space vectors how to change this implies that quantum entanglement is necessary for motion or change in 
general. This is truly a 'hidden power' of quantum entanglement. During quantum computation even though 
at each time instant the state is not entangled, quantum entanglement guides the process of computation. This 
observation applies to multi-particle pure, pseudo-pure and mixed states as well. 



In the early days, thenotion of quantum entanglement was 
much debated concept 1 1 ] . Now, quantum entanglement is one 
of the much studied subject due to its potential application in 
information processing |2]. Supplemented by classical com- 
munication, quantum entanglement can become a resource for 
very useful and exotic information processing tasks. It is also 
argued that quantum entanglement may play an important role 
in quantum algorithms j3|] and in giving extra power to quan- 
tum computers P| . 

In this paper I make a simple yet an important observa- 
tion that could throw some light on the role of entanglement 
in quantum evolution and this in turn may answer the ques- 
tion where from the extra power comes for quantum compu- 
tation |4]. We show that for any multi -particle state if two or 
more subsystems undergo generic change then the infinitesi- 
mal change in the pure product state gives rise to an entangled 
state. In the language of differential geometry given any man- 
ifold of multi-particle quantum states (product or entangled), 
the tangent space to each state is an entangled manifold. In 
other words the tangent vectors are typically 'entangled' even 
when the states themselves are not. Since the tangent vec- 
tors describe the action of the Schroedinger equation, there 
would seem to be some intimate relation between entangle- 
ment and the physical nature of change itself. We can say that 
entanglement is necessary for any multi-particle continuous 
quantum evolution. This I call the 'hidden power' of quantum 
entanglement. Applied to quantum computation, this implies 
that during computation even though at each time instant the 
state is a product state, entanglement is necessary for quan- 
tum computation. Without entanglement there is no generic 
change. In other words, even non-entangling evolution needs 
quantum entanglement. 

Consider a composite quantum system consisting of two or 
more subsystems. (For simplicity we consider bi-partite sys- 
tems in finite dimensional Hilbert space, but our results hold 
for any number of particles and in any dimension). Let {5'} 
be a set of vectors mJi — Hi 7^2- If these vectors are 
not normalized we can consider a set of vectors {^/||4'||} 
of norm one in C. The set of rays of H is called the pro- 
jective Hilbert space V{T-li ® 7^2)- If dimTii = -^i and 
dimH2 = N2, then H ~ C^^^^ The projective Hilbert 
space is T-" = C^^^^ — {0}/[/(l) which is a complex man- 



ifold of dimension {N1N2 — 1)- This can also be considered 
as a real manifold of dimension 2{NiN2 — 1)- Any quantum 
state at a given instant of time can be represented as a point in 
P via the projection map n : j^I') |vl/)(vl'|. The evolution of 
the state vector can be represented by a curve T : t l'I'(O) 
in H whose projection n(r) = T lies in V. Here, smooth 
mappings F : [Q,t] ^ C of an interval into a differentiable 
manifold are called smooth curves in the manifold |5]. 

Let £ be a differentiable manifold and \'i>) G C A vector 
\v) is called a tangent vector to £ at if there is a smooth 
curve passing through |\[') such that \v 



The tangent 



space Ti^^£ of £ at l^") is the set of all tangent vectors to C 
at 1 5"). The tangent space to a differentiable manifold at the 
point 1^*) S £ is a linear space having same dimension as 
that of £. What we will prove is that given any multi-particle 
pure state j^I') g £, the tangent vector in infinitesimal time 
step \d'^) E Tiij,) £ is entangled for any generic changes in the 
subsystems. 

Infinitesimal cliange creates entanglement: Here, first I 
argue that quantum entanglement is necessary for any con- 
tinuous dynamical evolution of multi-particle system. We 
know that any continuous, finite time evolution can be thought 
of as a limit of infinite number of sequence of infinitesimal 
changes. Consider a a multi-particle state (say rt-particle) 
which is not entangled initially. Under unitary evolution the 
initial state evolves as |*(0)) = <8)"=i I'f/'j) = 
L/(r)|*(0)), where U{T) = e^p{-iHT) and H is the to- 
tal Hamiltonian of the system. The same U{T) can be ob- 
tained from infinitesimal changes via U{T) — limAr^oo(/ — 
iH T/N)'^. Now, if U{t),0 < i < T is capable of produc- 
ing entanglement, then the state can be written as = 



n«2 ' 



There is clearly entangle- 



ment present at any stage of quantum evolution as well as dur- 
ing infinitesimal time steps. The tangent vector Id's) is also 
an entangled one. 

The surprising thing is that even if U{t) does not produce 
any entanglement, to be able to have a continuous evolution 
we need quantum entanglement. Suppose we have a compos- 
ite system that consists of two subsystems. The state of the 
combined system is then j^*) — Itpi) (g) \tp2) G "Hi ^ 7^2 , 
where G Hi and IV'2) G H2- Now consider the infinites- 
imal change in the state vector \'^) (i.e., the tangent vector at 
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This is a linear mapping d : \'^) |c?^') and can be 
thought of as a derivation at \'^) on a differentiable manifold 
C The infinitesimal change in \'^) is given by 

Id^f) = l^i) ® MV-a) + MV'i) ® |V'2> e T|^)/:. (1) 

The above state is clearly entangled for generic changes in the 
subsystems 1 and 2 as we cannot write \d'^) as tensor product 
of two infinitesimal changes in the respective Hilbert spaces. 
Once we choose coordinates for \tpi) and |?/'2) in V, then there 
are no coordinates which can express (1) as product states un- 
less \dipi) oc {i — 1, 2). But the later corresponds to sta- 
tionary states, whereby the subsystems do not undergo generic 
change. Now, if (Aq^'', aJ^'' , ...A^j_-^) are homogeneous coor- 
dinates for \ipi) and {X'i^\ X^^\ ...x'"^}^_^) are homogeneous 
coordinates for | V'2), then the tangent vector can be written as 

Mvl.) = |^,)«^<) + ^<«|V..), (2) 

dxi> dxi> 

where {ii — 1,2, ... , Ni), {12 — 1,2, ... , N2), and summa- 
tion over repeated indices is understood. This is also true in 
any dimension and in multi-particle context. Suppose we have 
a n-particle pure product state j^P) = ^2=i\'^-'i) ^ ^f^iTi-i. 
Then the infinitesimal change in the state l^*) is given by 

Id^-) = \lpi) (g> \lp2) (8) • • • \dlpn) 

+ ■■■ + \dipi) IV'2) • • • (8) \^pn) (3) 

which is again an entangled state for generic changes in the re- 
spective subsystems. In other words the tangent vector to any 
pure product states is an entangled state. This shows that the 
infinitesimal change is not a local-operation. It has the ability 
to create entangled states. This is a simple but an important 
observation that may have many ramifications. Here, it is not 
necessary that all rt-particles undergo infinitesimal change lo- 
cally. For example, if (n — l)-particles out of n undergo in- 
finitesimal change locally, then the infinitesimal change in the 
combined state is still entangled. But now the entanglement 
is present between (n — 1) and the last one is left out. If we 
have three particles, and the last one does not change, then the 
infinitesimal change in the combined state is given by 

M*> = ® MV'2) + M^i) ® IV'2)) <8 IV-s). (4) 

Thus, we can say that when the state passes through in- 
finitesimal changes entanglement is necessary. This is be- 
cause the tangent vector which tells us how the state vector 
changes is typically entangled as given in (3). This is poten- 
tially one 'hidden power' of quantum entanglement. In any 
quantum universe, even if there is no direct or indirect interac- 
tion between constituents, mere infinitesimal changes in two 
or more implies that the infinitesimal change in the combined 
state is entangled! For product states one would think that 
the global change can always be described as local changes. 
However, our observation shows, somewhat surprisingly, that 



whether the composite system is entangled or non-entangled, 
global change cannot always be described as local changes. 

We can also quantify how much entanglement is required 
for a given change in the state vector Geometrically, the 
change in the state is represented by a curve whose length 
is measured in terms of Fubini-Study metric on the projec- 
tive Hilbert space V of the quantum system |5]. If we have 
two quantum states that differ infinitesimally, i.e., and 
\^{t-\-dt)), then the distance between them is given by dS"^ = 
4(l-|(*(i))|«'(t + di))|2) = This 
shows that when the state changes by |c?^') the system trav- 
els a distance dS. Since entanglement is necessary for this 
change, we can say that for a distance dS to be traveled by a 
composite system, we need amount of entan- 

glement, where E{.) is will be a measure of entanglement for 
the composite system. For bi-partite system it would be the 
entropy of the any one of the reduced subsystem. 

To see the entangling power of infinitesimal change, let 
us consider two identical copies of a (say real) qubit |?/') = 
cos f |0) + sin 1 1 1) . One can see that the infinitesimal change 
in the two-qubit product state j^*) — (g) \'ip) is a maximally 
entangled state (unnormalized), i.e., 

\d^) = V2d9[cose\^+) - sin6l|$-)], (5) 

where 1*+) = -i=(|01) + |10)) and |$-> - ^(|00) - |11)) 
are two orthogonal Bell-states. To be precise, the normalized 
form of infinitesimal changed state is a maximally entangled 
state given by = [cos6'|«'+) - sin6l|$-)] e T\^)C. 

Thus, to travel a distance dS two real qubits need one ebit of 
entanglement. This implies that two identical, non-entangled 
qubits however far separated, when we look at the change in 
the combined state through infinitesimal time steps, then the 
infinitesimal change in the state is a highly non-local state. 
For example, the quantum mechanical correlation in the state 
+ dO)) (up to local unitaries) is given by 

{^{9 + de)\{a.&®a.h)\^{e + de)) = (a.a)(CT.a) 

+ E{a,h)dd^ , (6) 

where E{a, b) = — a.b is standard quantum mechanical cor- 
relation is a maximally entangled state. This means if one 
looks at change in infinitesimal steps, one may observe viola- 
tion of Bell's inequality even for product states. 

Note that the infinitesimal change of the global state cannot 
be a bi-local infinitesimal operation, i.e., an operation taking 
1 5*) — > I '5') = {d ® d)Y^) is an impossible one. This vio- 
lates the norm preservation. For bi-partite systems this would 
mean ® \'4'2) M'/'i) \d1p2) which cannot happen. 
We can prove this by contradiction. Suppose we have the 
mapping / : IvI*) j*') = {d'^d)\^). Then we have 
(vl'|vl/') = {ipildipi) {ip2\dip2)- For any normalized state lip) 
we must have {ip\di/j) as a purely imaginary number This im- 
plies that on Ihs we have which is a purely imaginary 
number and on rhs we have product of two purely imaginary 
numbers which is a real number. Since this cannot hold, there 
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is no bi-local infinitesimal changes. The proof can be gen- 
eraHzed for more than two subsystems. However, if one of 
of the subsystem does not undergo infinitesimal change then 
it is possible to satisfy the norm preservation or isometric 
evolution. This means we can have \'^) (c? /)|^') and 
I*) ^ {1(g) d)\^) but not l^-) ^ (d(g)d)|«'). 

Infinitesimal cliange and reduced dynamics: In quantum 
information theory entanglement plays a dual role: sometimes 
it acts as a perfect quantum channel and sometimes also acts 
as a noisy channel. When we describe a quantum operation 
£ acting on a system, we can always imagine £ as a unitary 
evolution on a combined system (system + ancilla) and then 
tracing over the ancilla. If p is the state (pure or mixed) of 
the system and p — > £{p), then £{p) — tr2(C/p aW). 
This unitary version of quantum operation always produces 
an entangled state which in effect amounts to passing the sys- 
tem through a noisy channel Now one may ask since 
the infinitesimal change in the combined product state cre- 
ates an entangled state what kind of noise does that intro- 
duce for reduced dynamics. First, we note that the global 
infinitesimal change is not a unitary evolution fl]. The in- 
finitesimal change of the combined state is precisely the op- 
erator represented as (/i o?2 + ® I2), which by itself is 
not unitary. But still we can ask what is the reduced dynam- 
ics of any one of the subsystem. It can be verified that when 
l^*) = «) ldV'2) + Idtpi) (8) IV'2), then the first 

subsystem undergoes the evolution as given by 



1^1) (V-i 



(|V'i)(dVi|-|dVi)(V'i|)(V'2M^2) 

\lPl){lPl\{dlP2\dlP2)- 



(7) 



Here, D may be thought of as the quantum channel arising 
from global infinitesimal changes. This clearly shows that 
when I'i') \d'i'), then does not simply go to \dipi), 
rather there are additional contributions coming due to en- 
tangled nature of infinitesimal change of the combined state. 
Similarly, we can see that the second subsystem undergoes the 
evolution given by 

|V'2)(^2| ^ V{\^2){H)=tri{\d^){d^\) = \d^2){d^2\ 
+ (|V'2)(#2|-|#2)(V'2|)(V'lMV'l) 
+ |V'2)(V'2|Wl|dV'l>- (8) 

This shows that when M^*), then IV'2) transforms to 

\d1p2) along with noise terms. Eqs(7) and (8) clearly show the 
entangling nature of infinitesimal change. If it has no ability 
to create entanglement, then would have gone to \dipi) 
and I -02) would have gone to \d1p2) under global infinitesimal 
changes. 

Implication for quantum computing: Usual quantum 
computation paradigm involves preparation of initial logical 
states and application of sequence of unitary evolution oper- 
ators (prescribed by a particular quantum mechanical algo- 
rithm) and then finally reading out the desired answer |2]. In 
this context an important question has been whether linear su- 
perposition alone is sufficient to have the required speed-up or 



we need quantum entanglement-the weirdest feature of quan- 
tum world. Though the existing quantum algorithms such as 
Deustch-Jozsa 101, Grover (0] and Shor |9] require quantum 
entanglement it is not clear whether in general entanglement 
is the key for quantum speed-up 1 10| . In particular, there has 
been debates in NMR implementation of quantum algorithms 
as to what gives the power to quantum computers if there is 
no entanglement generated during computation 1 1 IJ. 

I show that even though the initial state of n-qubit reg- 
ister is a product state, even though all the rt-qubits during 
computation are product states, entanglement is necessary for 
quantum computation. To see this clearly, consider the initial 
state of n-qubit state prepared in equal superpositions (which 



is a product state) I^-q) = ^ Y.i=. 



At any stage of 



the computation (say kth step) we can write the n-qubit state 
generically as 



UkUk-i ■■■Ui 



1*0) 



(9) 



Suppose that the unitary operators C/^'s are such that at any 
stage of the computation there is no entanglement generated. 
Can we say that entanglement has no role to play? The an- 
swer is no. From our earlier observation, we know that even if 
a multi-particle state is a product state, infinitesimal change in 
the multi-particle product state is an entangled state. Thus, if 
we look at infinitesimal changes during quantum computation 
we will see that the infinitesimal change in the n-qubit regis- 
trar is indeed entangled. For example, the state at k\h step can 
be written as 



Ul(fc) (g) U2{k) (g) • • • Un{k) 



(10) 



where each of these u^'s are some local unitaries acting on 
single qubit Hilbert space Ti,^ . But the infinitesimal change in 
the above state \d^k) G T\^^-^C is given by 

\d'^k) = dui{k) (g) U2{k) (g) ■ ■ ■ (g) Un(k) -\ 

+ ui{k) g) U2{k) g) ■ ■ ■ dun{k) 1*0) (11) 

which is an entangled state. This shows that the weirdest fea- 
ture of quantum world plays its role in every computation in 
a very subtle way. This is truly a 'hidden power' of quantum 
entanglement in quantum computation. It is hidden because, 
we do not look at infinitesimal steps; we always consider fi- 
nite time steps. Quantum entanglement is necessary for any 
evolution (entangling or not) and hence for quantum compu- 
tation. We can say that during quantum computation possible 
directions in which one can pass through a n-qubit register 
state is guided by entanglement. 

One may ask does entanglement also plays any role when 
mixed state are involved during quantum computation? This 
is exactly the case when one deals with NMR implemen- 
tations. There one typically encounters pseudo-pure states 
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which comes as a convex combination of a random mixture 
and a pure state. For n-qubits this is given by p = (1 — e) 2^ + 
e|^'o)(^'o|, where e is the purity parameter. After appUcation 
of sequence of unitary operators during certain computation 
the state changes as p ^ UpU^ = (1 - e)2^ + e|*)(*l- It 
has been claimed that the states produced thus are still not en- 
tangled even though the pure state component \^) = U\^q) is 
entangled. However, now we see how does entanglement play 
a role during quantum computation? What we say is that even 
though the the pure state component 1 4') is not entangled, the 
infinitesimal change in p, i.e., dp indeed is entangled. This is 
because dp = e[\^){d'^\ + \d^){'^] is an entangled one. Thus 
any continuous evolution of p does require quantum entangle- 
ment. 

Our observation not only applies to multi-particle pure and 

pseudo-pure states but to any mixed states as well. Consider 
a separable multi-particle (again for simplicity say bi-partite) 
mixed state given by 

P = Y.P^p'i'^ ^P'i^^^ (12) 

i 

where p-^^ e and p-^^ e B{Ti.2) are pure state 

components of subsystems 1 and 2, respectively with pi > 
0,^.pi = 1. We can show that even this separable state 
when evolves in time, the infinitesimal change in the state is 
an entangled one. The infinitesimal change in p is given by 

dp = Y.Pi^Pi'^ ® ^/^f ^ + "^Pi"^ ® Pi"^^- (13) 

i 

To prove that dp is entangled, let us assume that it is separable 
and then arrive at a contradiction. If dp is separable then there 
must be a decomposition such that we can write this as 

dp = J2^^M^^^daP (14) 

i 

for some pure components crj^^ e B{Hi) and crp^ e 6(^2) 
and Wi > 0, = 1. This is the only form consistent 

with separability because the state is classically correlated and 
there are infinitesimal changes for both the subsystems. This 
then impUes that if dp is separable we have 

(7(g)rf-|-d(g)/)p= (rf0d)p (15) 

which cannot be satisfied for arbitrary p. Alternately, if 
we look at the reduced changes then from (13) we have 
tr2(dp) = X^jPit^Pi^'' and from (14) we have tr2(dp) = 
which is a clear contradiction. Here, we have used the fact 
that tr2 (rfp^^'' ) = and tr2 (dap'' ) = which is true for any 
pure state density operators. Thus, the infinitesimal change in 
any multi-particle separable density operator is an entangled 
one. This shows that any multi-particle quantum evolution 
be it pure or mixed does require quantum entanglement. One 
may ask since any classical computer state can be written as 
a separable state would that have the same behavior? The an- 
swer is no, because to have entangled tangent vector we need 



derivative behavior and tensor product structure on the linear 
space. Also one may ask if we have ordinary probabilistic de- 
scription for a system comprising two subsystems would we 
say that non-product states are necessary for any probabilis- 
tic evolution as well? The answer will depend on whether we 
have tensor product structure on a linear space as a form of 
description. 

Conclusion: We have shown that entanglement is neces- 
sary for any quantum evolution. In short any generic change 
in a quantum universe does require entanglement. Geomet- 
rically, given a manifold of multi-particle quantum states if 
there are changes in two or more subsystems then the tangent 
space is an entangled manifold. Since the tangent space vec- 
tors tell the state-space vectors how to change so our result 
tells us something deep about motion or change in general. 
Also we have shown that infinitesimal change cannot be a bi- 
local operation. We have studied the reduced dynamics of the 
subsystem under infinitesimal operation. This has innmedi- 
ate implication in quantum computation, where one can argue 
that even though there is no entanglement generated during 
any stage of computation, the evolution of multi-qubit state 
is guided by entanglement. This result applies to pure state, 
pseudo-pure state and mixed state implementations as well. 
Though the result of this paper may appear simple, it is never- 
theless non-trivial. We hope that this observation will unfold 
many other results in quantum theory and in the fast growing 
field of quantum information theory. 
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